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BACKWARDS UNIQUENESS OF THE MEAN CURVATURE
FLOW
HONG HUANG
Abstract. In this note we prove the backwards uniqueness of the mean cur-
vature flow for (codimension one) hypersurfaces in a Euclidean space. More
precisely, let Ft, F˜t : Mn → Rn+1 be two complete solutions of the mean cur-
vature flow on Mn × [0, T ] with bounded second fundamental forms. Suppose
FT = F˜T , then Ft = F˜t on M
n
× [0, T ]. This is an analog of a result of
Kotschwar on the Ricci flow.
1. Introduction
In [K1] Kotschwar proved backwards uniqueness of the Ricci flow by reducing the
problem to one for a suitable system of differential inequalities. Inspired by his work
we prove the backwards uniqueness of the mean curvature flow for (codimension
one) hypersurfaces in a Euclidean space. More precisely, we have the following
Theorem Let Ft, F˜t : M
n → Rn+1 be two complete solutions of the mean
curvature flow on Mn × [0, T ] with bounded second fundamental forms. Suppose
FT = F˜T , then Ft = F˜t on M
n × [0, T ].
Note that the (forward) uniqueness of the mean curvature flow in any codimen-
sion (and with more general ambient spaces) was established by Chen and Yin
[CY].
As an immediate consequence of our theorem we have the following
Corollary Let Ft : M
n → Rn+1 be a complete solution of the mean curvature
flow on Mn× [0, T ] with bounded second fundamental form. Let gt be the induced
metric on Mn via Ft. Suppose σ is an isometry of (M
n, gT ) such that there is
a Euclidean isometry σ of Rn+1 satisfying σ ◦ FT = FT ◦ σ. Then there holds
σ ◦ Ft = Ft ◦ σ on M
n × [0, T ].
Proof of Corollary. Note that σ ◦ Ft and Ft ◦ σ are two solutions to the mean
curvature flow on Mn × [0, T ] with bounded second fundamental forms and with
the same terminal value, so by our theorem σ ◦ Ft = Ft ◦ σ on M
n × [0, T ]. 
In the next section we will give the proof of our theorem, which relies heavily on
the methods and results in [K1] (see also [K2]). In particular, we’ll use Theorem
3.1 in [K1]. We first reduce the proof of our theorem to that of the orientable case,
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so we can use the scalar-valued second fundamental forms instead of the vector-
valued forms. It is more convenient to use the scalar-valued second fundamental
forms when we do some computations to compare two immersions of Mn in Rn+1.
But towards the end of the proof we need some extra effort: We’ll use the classical
(Bonnet’s) uniqueness theorem for hypersurfaces in a Euclidean space and Chen-
Yin’s uniqueness theorem for the mean curvature flow.
2. Proof of Theorem
To prove the Theorem we first note that we can assume that the manifold Mn
is connected, otherwise we can deal with each component of Mn. Furthermore we
can assume thatMn is orientable. The reason is as follows. IfMn is not orientable,
we consider the orientation double cover p : Mˆ → M . Let a family of immersions
Ft :M
n → Rn+1 (t ∈ [0, T ]) be a solution to the mean curvature flow
∂
∂t
F (x, t) = ~H(x, t),
where ~H(x, t) = ~HF (x, t) is the mean curvature vector of the immersion Ft = F (·, t)
at the point x ∈M . Let Fˆ (xˆ, t) = F (p(xˆ), t) for xˆ ∈ Mˆ and t ∈ [0, T ]. Then
∂
∂t
Fˆ (xˆ, t) =
∂
∂t
F (p(xˆ), t) = ~HF (p(xˆ), t) = ~HFˆ (xˆ, t).
That is, Fˆt = Fˆ (·, t) : Mˆ → R
n+1 is also a solution to the mean curvature flow,
and the proof of the Theorem in the nonorientable case is reduced to that in the
orientable case.
Now let Mn be a connected, orientable, and smooth manifold, and let a family
of immersions Ft : M
n → Rn+1 (t ∈ [0, T ]) be a solution to the mean curvature
flow. Choose a (global) smooth, unit normal vector field ν of the immersion Ft,
and write ~H = Hν, where H is the scalar mean curvature. Let A = (hij) be
the (scalar) second fundamental form of the immersion Ft w.r.t. ν, g = gt be the
induced metric on Mn via Ft, ∇ be the Levi-Civita connection of (M
n, gt), and
Γijk be the corresponding Christoffel symbols. Note that H = g
ijhij , where (g
ij) is
the inverse of the metric matrix (gij).
We have the following lemma, most of which can be found in Huisken [H].
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Lemma 1 Along the mean curvature flow we have
∂
∂t
gij = −2Hhij.(2.1)
∂
∂t
Γijk = −g
il[∇j(Hhkl) +∇k(Hhjl)−∇l(Hhjk)].(2.2)
∂
∂t
hij = ∆hij − 2Hhilg
lmhmj + |A|
2hij .(2.3)
∂
∂t
∇khij = ∆∇khij + g
pqgrl[2(hkihql − hklhqi)∇phrj(2.4)
+ 2(hkjhql − hklhqj)∇phir + (hkqhpl − hklhpq)∇rhij
+ hir∇p(hkjhql − hklhqj) + hrj∇p(hkihql − hklhqi)]
+ glm[hil(∇j(Hhkm)−∇m(Hhkj)) + hlj(∇i(Hhkm)
− ∇m(Hhki))−H(hil∇khmj + hjl∇khmi)]
+ ∇k(|A|
2hij).
Proof. For (2.1)-(2.3) see [H]. (2.4) follows ( by a tedious computation) from
(2.2), (2.3), commutation formulas for derivatives and the Gauss equation. 
Actually in this note we only need a rough form of the formula (2.4).
Now let f = g − g˜, P = ∇ − ∇˜, Q = ∇P , S = A − A˜, and U = ∇A − ∇˜A˜,
where g˜, ∇˜, etc are the corresponding quantities w.r.t. another family of immersions
F˜t : M
n → Rn+1 (t ∈ [0, T ]) which is also a solution to the mean curvature flow.
Then we have the following
Lemma 2 Let Ft and F˜t be as above. We have
∂f
∂t
= g˜−1 ∗ f ∗ A˜ ∗ A˜+ S ∗ A˜+A ∗ S,
∂P
∂t
= g˜−1 ∗ f ∗ g˜−1 ∗ A˜ ∗ ∇˜A˜+ g˜−1 ∗ f ∗ A˜ ∗ ∇˜A˜+ S ∗ ∇˜A˜+A ∗ U,
∂Q
∂t
= g˜−1 ∗ P ∗ f ∗ g˜−1 ∗ A˜ ∗ ∇˜A˜+ g˜−1 ∗ g˜ ∗ P ∗ g˜−1 ∗ A˜ ∗ ∇˜A˜
+ g˜−1 ∗ f ∗ g˜−1 ∗ ∇˜A˜ ∗ ∇˜A˜+ g˜−1 ∗ f ∗ g˜−1 ∗ A˜ ∗ ∇˜2A˜
+ P ∗ g˜−1 ∗ f ∗ A˜ ∗ ∇˜A˜+ g˜−1 ∗ g˜ ∗ P ∗ A˜ ∗ ∇˜A˜+ g˜−1 ∗ f ∗ ∇˜A˜ ∗ ∇˜A˜
+ g˜−1 ∗ f ∗ A˜ ∗ ∇˜2A˜+∇S ∗ ∇˜A˜+ S ∗ P ∗ ∇˜A˜
+ S ∗ ∇˜2A˜+∇A ∗ U +A ∗ ∇U +A ∗ ∇A ∗ P,
(
∂
∂t
− ∆)S = f ∗ g˜−1 ∗ ∇˜2A˜+ P ∗ ∇˜A˜+Q ∗ A˜+ P ∗ P ∗ A˜
+ g˜−1 ∗ f ∗ g˜−1 ∗ A˜ ∗ A˜ ∗ A˜+ g˜−1 ∗ f ∗ A˜ ∗ A˜ ∗ A˜+ S ∗ A˜ ∗ A˜
+ A ∗ S ∗ A˜+A ∗A ∗ S,
(
∂
∂t
− ∆)U = f ∗ g˜−1 ∗ ∇˜3A˜+ P ∗ ∇˜2A˜+Q ∗ ∇˜A˜+ P ∗ P ∗ ∇˜A˜
+ g˜−1 ∗ g˜−1 ∗ f ∗ A˜ ∗ A˜ ∗ ∇˜A˜+ g˜−1 ∗ f ∗ A˜ ∗ A˜ ∗ ∇˜A˜
+ S ∗ A˜ ∗ ∇˜A˜+A ∗ S ∗ ∇˜A˜+A ∗A ∗ U.
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(Here V ∗W denotes a linear combination of contractions of the tensor fields V and
W by the metric g.)
Proof. As in [K1], it is easy to verify that
g˜−1 − g−1 = g˜−1 ∗ f,
∇f = g˜ ∗ P,
∇g˜−1 = (∇− ∇˜)g˜−1 = g˜−1 ∗ P,
∇˜W = ∇W + P ∗W
for any tensor field W ,
∆˜A˜ = ∆A˜+ f ∗ g˜−1 ∗ ∇˜2A˜+ P ∗ ∇˜A˜+Q ∗ A˜+ P ∗ P ∗ A˜,
and
∆˜∇˜A˜ = ∆∇˜A˜+ f ∗ g˜−1 ∗ ∇˜3A˜+ P ∗ ∇˜2A˜+Q ∗ ∇˜A˜+ P ∗ P ∗ ∇˜A˜.
Recall also that
∂
∂t
∇P = ∇
∂P
∂t
+
∂Γ
∂t
∗ P.
Then Lemma 2 follows from Lemma 1 by direct computations. 
Now as in [K1] we let
X = T2(M)
⊕
T3(M), Y = T2(M)
⊕
T 12 (M)
⊕
T 13 (M),
and for each t ∈ [0, T ] let
X(t) = S(t)
⊕
U(t) ∈ X , Y(t) = f(t)
⊕
P (t)
⊕
Q(t) ∈ Y,
where S,U, f, P and Q are defined as above.
Then we have the following
Lemma 3 Assume that the manifoldMn is orientable. Let Ft, F˜t :M
n → Rn+1
be two complete solutions of the mean curvature flow onMn× [0, T ] with |A|gt ≤ K
and |A˜|g˜t ≤ K˜ for some constants K and K˜. Suppose FT = F˜T . Then for any
0 < δ < T , there exists a positive constant C = C(δ,K, K˜, T ) such that
|(
∂
∂t
−∆gt)X|
2
gt
≤ C(|X|2gt + |Y|
2
gt
),
|
∂
∂t
Y|2gt ≤ C(|X|
2
gt
+ |∇X|2gt + |Y|
2
gt
).
Proof. By Ecker-Huisken [EH] there exist constants Cm = Cm(δ,K, T ) and
C˜m = C˜m(δ, K˜, T ) such that |∇
mA|gt ≤ Cm and |∇˜
mA˜|g˜t ≤ C˜m on M
n × [δ, T ].
Since |A|gt ≤ K, it follows from Lemma 1 (2.1) that the metrics {gt}t∈[0,T ] are
uniformly equivalent. Similarly, the metrics {g˜t}t∈[0,T ] are uniformly equivalent
too. But by our assumption FT = F˜T , and gT = g˜T , so {gt}t∈[0,T ] and {g˜t}t∈[0,T ]
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are equivalent to each other. It follows that |g˜−1|gt ,|∇˜
mA˜|gt , |f |gt , |S|gt , and |U |gt
are bounded.
Now we see that |P |gt is bounded by using the second formula in Lemma 2 and
the assumption P (T ) = 0. In fact, for any x ∈Mn,
|P (x, t)|gt = |P (x, T )− P (x, t)|gt ≤
∫ T
t
|
∂P
∂t
(x, s)|gtds ≤ C
′.
(One can also prove this using Lemma 1 (2.2). Compare with [K1].)
Similarly Q and ∇mP are bounded. Then Lemma 3 follows from Lemma 2. 
Now as above, let Ft, F˜t : M
n → Rn+1 be two complete solutions of the mean
curvature flow on Mn× [0, T ] with bounded second fundamental forms, where Mn
is connected and orientable. Suppose FT = F˜T .
Using the identity
∇m∇˜lA˜ = ∇m−1∇˜l+1A˜+
m−1∑
i=0
∇iP ∗ ∇m−1−i∇˜lA˜
one sees that ∇S = ∇A−∇A˜ and ∇U = ∇2A−∇∇˜A˜ are bounded on Mn× [δ, T ]
for any 0 < δ < T . So the required growth condition of [K1,Theorem 3.1] is verified.
With the help of Lemma 3, we can apply [K1,Theorem 3.1] to conclude that
X = 0, Y = 0 on Mn × [δ, T ] for any 0 < δ < T . Then by the uniqueness theorem
for hypersurfaces in a Euclidean space (see for example Theorem 6.4 in Chapter
VII of [KN]), for each t ∈ [δ, T ], Ft and F˜t coincide up to an ambient Euclidean
isometry. In particular, there exists a Euclidean isometry σ¯ : Rn+1 → Rn+1 such
that σ¯ ◦ Fδ = F˜δ.
Now σ¯ ◦ Ft and F˜t are two complete solutions of the mean curvature flow on
Mn×[δ, T ] with bounded second fundamental forms and with the same initial value.
By Chen-Yin’s uniqueness theorem for the mean curvature flow [CY], σ¯ ◦ Ft = F˜t
for any t ∈ [δ, T ]. In particular, σ¯ ◦ FT = F˜T . Combining with our assumption we
get σ¯ ◦ FT = FT . It follows that either σ¯ = Id or the image of FT is a hyperplane
in Rn+1 and σ¯ is a reflection w.r.t. it. In the latter case, by using what we have
proved in the previous paragraph with F˜t there replaced by the trivial hyperplane
solution to the mean curvature flow, we see that the image of Ft is also a hyperplane
for any t ∈ [δ, T ]. So in both cases Ft = F˜t for any t ∈ [δ, T ]. Since δ ∈ (0, T ) can
be arbitrarily small, by continuity the Theorem is proved.
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